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Throat Heating Effect on Critical Roughness
and Nozzle Wall Boundary-Layer Stability

R.-S. Lin,¤ V. Iyer,† and M. R. Malik‡

High Technology Corporation, Hampton, Virginia 23666

The effect of wall heating in the throat region on the � ow quality in a Mach 3.5 and a Mach 2.4 axisymmetric
nozzle is investigated. Because of the boundary-layer thickening effect, the critical roughness height to trigger
laminar–turbulent transition is larger in the heated cases. Therefore, for a given surface � nish, the adverse effect
of roughness on transition can be minimized by suf� cient wall heating. However, the combined effect of heating
and pressure gradients is to introduce an overshoot in the streamwise velocity pro� le, as earlier predicted by
Cohen and Reshotko. Associated with this overshoot is a new generalized in� ection point near the edge of the
boundary layer, and, as a consequence, the nozzle wall boundary layer supports high-frequency two-dimensional
inviscid disturbances. N-factor results indicate that, with excessive throat heating, these disturbances could cause
premature transitiondownstream of the throat and,hence, jeopardize the quiet performance. Therefore, favorable
(on critical roughness height) and adverse (on boundary-layer instability) effects of heating have to be carefully
evaluated. Mean � ows are computed by using both a boundary-layer code and a Navier–Stokes solver, the critical
roughness heights are calculated based on an empirical formula, and the destabilizing effect of heating is evaluated
by using compressible linear stability theory. The critical roughness heights are established for the two nozzles for
given heating strips.

I. Introduction

A QUIET supersonic nozzle is one in which an extended run
of laminar � ow is maintained in the nozzle wall boundary

layer yielding a low-disturbance freestream in the wind-tunnel test
section. Laminar–turbulent transition in the nozzle wall boundary
layer limits the extent of this low-disturbancetest section. Because
transition location on a model placed in the test section is adversely
affected by high noise, quiet supersonic facilities are required for
simulating the � ight environment.

The performance of a quiet nozzle can be characterized by the
magnitude of a Reynolds number Re1x , which is based on the
freestream conditions and the length of the quiet test core 1x .
Figure 1 (from Ref. 1) shows Re1x from test data for two NASA
Langley Research Center rapid-expansion (RE) pilot quiet nozzles
with Mach 3 and Mach 3.5 and for the advanced Mach 3.5 axisym-
metric quiet nozzle over the unit Reynolds number range tested.
For each nozzle, the measured maximum surface roughness k in
the throat region is listed to show the effect of surface � nish on the
performance. For the advanced nozzle, the data indicate that with
k D 2:5 ¹m the quiet � ow is completely lost for Re1=m > 2:2 £ 107

(Re1=ft > 6:7 £ 106); when k D 2:0 ¹m, a quiet test core exists up
to aboutRe1=m » 3:5 £ 107 (Re1=ft » 11 £ 106) beyondwhich the
quiet test core again disappears.The loss of quiet test core is due to
the loss of laminar � ow on the nozzlewall. The data in Fig. 1 suggest
that the laminar–turbulent transition on the nozzle wall is linked to
the surfaceroughnessin the nozzle throat region.The computational
results we report in this paper rule out some of the other possible
reasons for the loss of laminar � ow. Hence, in this paper we focus
on roughness-inducedtransition and the control techniqueof throat
heating.
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Investigations2;3 on the effect of two-dimensionaland distributed
surface roughness on the transition from laminar to turbulent � ow
hadbeenconductedin theearly1960s.It was foundthattheexistence
of the roughness elements on a surface can either introduce no dis-
turbances of suf� cient magnitude to in� uence transition or, beyond
a threshold of height, causes transition to move substantially up to
the element itself. The data from several low-speed investigations,
for example, Refs. 4–8, of three-dimensional roughness indicated
that the onset of transition can be correlated with the roughness
Reynolds number Rek (D uk ¢ k=ºk), based on roughness height k,
boundary-layer velocity uk at height k (in the absence of rough-
ness), and the kinematic viscosity ºk at the height k above the wall.
In these studies,criticalvalueof Reynolds numberRek was found to
be 400. However, based on experience with the pilot quiet nozzles,
it has been suggestedby Beckwith et al.9 that the value of Rek D 12
should be used as the criterion of allowable surface roughness for
the design of supersonic quiet tunnels.

Note that the critical roughnessReynoldsnumber is de� ned as the
Reynolds number above which transition onset location is severely
impacted. In contrast, the effective roughness Reynolds number
is the Reynolds number at which transition location moves into
the vicinity of the roughness. The value of Rek D 12 suggested by
Beckwith et al.9 is the critical roughnessReynoldsnumber based on
the height of a single roughnesspeak and not the rms roughnessdis-
tribution. This is because a single outstanding roughness can cause
“localized”transitional � ow, which can spread and contaminate the
surrounding boundary-layer � ow. Thus, based on the criterion of
Beckwith et al., the maximum allowable peak-to-valley roughness
height for the advancedMach 3.5 axisymmetricquiet nozzle should
be less than 1.2 ¹m in the throat region to achievethedesignvalueof
Reynolds number Re1x at higher values of Reynolds number Re1.
This possibly explains why laminar � ow on the nozzle wall was
completely lost in the advanced Mach 3.5 axisymmetric quiet noz-
zle when the freestream unit Reynolds number was raised beyond
Re1=m » 3:5 £ 107 (Re1=ft » 11 £ 106).

The determinationof the critical roughnessheightmust fully rely
on empirical formulas, for example, Rek D 12, for high-speed quiet
tunnels. This is the criterion we use for the present study. However,
note that the criterion suggested in Ref. 9 is based on limited num-
ber of tests, and the accuracy and general validity of the roughness
data areby no meansestablished.Therefore, the availableroughness
data can be considered to represent only estimates or guidelines for
fabrication.
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Fig. 1 Quiet test core Reynolds numbers in the advanced Mach 3.5
axisymmetric quiet nozzle (Adv.) and pilot quiet nozzles (R.E.) (from
Ref. 1).

In general, the requirementsof surface � nish in the critical throat
region become more stringent with thinner boundary layers as the
operationalunit Reynolds number increases.A high-qualitysurface
� nish can dramatically increase the construction cost of the noz-
zle, if not make manufacturing and maintenance impossible. To
increase roughness tolerance, techniques such as throat heating
have been proposed by Harvey et al.10 The idea is to use wall
heating to thicken the boundary layer in the throat region, and as
a result, a given roughness height will yield a lower roughness
Reynolds number. Therefore, the surface � nish speci� cation may
be relaxed.

The effect of throat heating on the state of boundary-layerneeds
to be carefully examined. It is well known that wall heating (in
air) destabilizes Tollmien–Schlichting (T–S) waves in the � at-plate
boundary layer, but, in the throat region, strong favorable pressure
gradients cancel the adverse effect of heating and the boundary
layer is expected to remain stable to T–S waves. However, as will
be demonstrated later, throat heating could destabilize the bound-
ary layer to high-frequency inviscid disturbances, which could in
turn cause early transition. Hence, to take full advantage of throat
heating without destabilizing the � ow, the overall effect of throat
heating must be carefully evaluated. We note that throat heating
was utilized by Schneider11 in the design of a Mach 6 quiet nozzle,
with the main objectiveof transitiondelayby providingdownstream
cooling effect in the sense of Dovgal et al.12 The effect of throat
heatinghas also been studiedby Demetriades,13 albeit in a different
context.

In this paper, we consider effectiveness of throat heating on in-
creasing roughness tolerance for two advanced axisymmetric noz-
zles. In the � rst case, results of the analysis for a Mach 3.5 ax-
isymmetric quiet nozzle are presented. In the second case, results
of a similar analysis for a Mach 2.4 nozzle are given. In these two
cases, the maximum allowable amount of heating and the corre-
sponding critical roughnessheights are identi� ed when the nozzles
are operating at their highest design conditions. We also investi-
gate the effect of heating on the stability of the nozzle wall bound-
ary layers, which are otherwise stable in the throat region due to
strong favorable pressure gradients. It is found that throat heat-
ing could bring about an inviscid instability if the heating level is
suf� ciently high.

II. Nozzle Mean Flow Computations
A. Mach 3.5 Nozzle

For the Mach 3.5 advanced nozzle, the NASA Langley Research
Center compressible thin-layer Navier–Stokes code CFL3D14 was
used to obtain the � ow solution for the entire nozzle, includ-
ing the subsonic approach, at the condition of Re1 D 10 £ 106/ft
(3:3 £ 107/m). It is assumed that the boundary layers on the wall of
subsonicapproachsectionand thewallof thebleedslot are turbulent.
This nozzle lost its entire quiet test core suddenly when freestream
(or unit) Reynolds number was increased beyond a certain critical
value. To understand fully this loss of laminar � ow, it was desired
to compute the � ow� eld around the nozzle lip hoping that it may
provide some clues. Two questions needed to be answered. First, is
the turbulent boundary layer on the subsonic approach fully swal-

lowed by the suction slot or does part of it spills over to the nozzle
lip? Second, can the � ow topologynear the nozzle lip supporta sep-
aration bubble? To provide de� nitive answers to such concerns, the
actual geometry of the subsonicapproach including the suction slot
and the entire nozzle contour from suction lip to exit of the nozzle
was used to generate a multiblock grid to facilitate a full blown
computational � uid dynamics computation using CFL3D.

1. Grid Topology
To facilitate the computation, a multiblock grid was generated.

The global geometry used for computation includes a substantial
portionof the upstreamregion; the in� ow area is extendedup to that
of the settling chamber. In the downstream direction, the present
computational region covers the entire nozzle geometry. In con-
sideration of the boundary-layer bleed slot, it was decided to use
a multizone grid topology generated by grid-generation software
GRIDGEN. This enabled better control of grid points and resolu-
tion of the rapidly growing boundary layer.

The computational domain fully represents the actual geometry
of the tunnel (Fig. 2).We set the in� ow boundaryat 8.39 in. upstream
of the throatwith a radiusof 6.59 in. The in� ow Mach numbervaries
from 0.025 near the wall to 0.055 in the core. Spline smoothing was
applied to the subsonic convergent wall shape in view of the rela-
tively small numberof tunnel wall coordinatesavailable.The super-
sonic portionof the nozzle geometry was found to have small point-
to-pointvariationsresultingin small oscillationsin thecurvaturedis-
tribution. Spline interpolation followed by � ve cycles of � ve-point
smoothing was used to ensure that the wall curvature has the mini-
mum desireddegree of smoothness required for numerical solution.

To resolveadequatelythe � owaroundthe bleedinlet regionbetter,
a complicated grid topology was successfully implemented; Fig. 3
shows various zones. The suction lip region around the bleed slot
now has a wraparoundC-type grid.This grid is smoothly connected
to an H-type grid topology elsewhere in the � ow. This was accom-
plished with the GRIDGEN suite of grid-generation software. The
wall boundary-layerregions are now separate zones, which enable
� exibility in adjusting grid resolution, which can be easily accom-
plished by changing the number of points in those zones. Overall,

Fig. 2 Mach 3.5 axisymmetric nozzle geometry including subsonic
approach and suction slot.

Fig.3 Zones for the Mach 3.5axisymmetricnozzle computationalgrid.
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Fig. 4 Details of computational grid: idim and jdim indicate number of grid points in x and y directions.

the entire � ow� eld is described by 10 connected zones. Figure 4
shows the grid distribution employed in all zones. Preliminary
coarse grid computations were helpful in determining the varia-
tion of boundary-layer thickness; this information was then used
to re� ne the grid so that velocity pro� les and their derivatives are
adequately de� ned (Sec. II.A.3). In this study, we typically place
about 40–70 grid points within the boundary layer.

Details of the grid points used in various zones is as follows.
The subsonic approach region is divided into zones 1 and 2, each
containing 101 £ 81 grid points with the latter number indicating
grid points in the wall-normal direction. Zones 3 and 4 (each with
21 £ 89 grid points) cover the circular portion of the nozzle lip.
Zone 5 and zone 6 are placed inside the suction slot, and they
have 41 £ 81 and 41 £ 89 grid points, respectively. Zone 7, which
has 109 £ 89 grid points, lies near the wall of converging/diverging
nozzle and starts at the end of zone 4 and extends up to about
x D 5:5 in. Zone 8, with 109£ 41 points, covers the inviscid re-
gion and extends up to the same x location. Finally, zones 9 (with
121 £ 89 points) and 10 (with 121 £ 41 points) are placed in the
near-wall viscous region and the inviscid core region of the nozzle
for x > 5:5 in.

2. Nozzle Flow�eld
The Navier–Stokes solution for the entire nozzle was obtained

for a Reynolds number based on Mach 3.5 conditions, that is, at the
nozzle exit, of 10 £ 106/ft (3:3 £ 107/m) using the CFL3D code. To-
tal temperature is 540±R, and Sutherland viscosity law is employed.
The boundary conditions used in the CFL3D computations are as
follows: 1) in� ow with speci� ed total conditionsin the subsonicap-
proach,2) extrapolationboundaryconditionat the supersonicnozzle
exit and the suction slot exit (because the � ow in the suction slot
is also chocked), and 3) no-slip conditions at all solid boundaries
with either adiabatic wall or speci� ed wall temperature.Whereas it
was assumed that the boundary layers on the wall of the subsonic
approach section and the wall of the bleed slot are turbulent, the
boundary layer on the nozzle inner wall starting from the rounded
lip was assumed to be laminar. Convergencewas assured by driving
the residuals down to 10¡9 and by monitoring the velocity and tem-
perature pro� les near the nozzle exit plane where the solution is the
slowest to settle to a steady state. Iterations in excess of 30,000 were
carried out to ensure full convergence. The convergence history is
shown in Fig. 5.

Figure 6 shows contours of the Mach number. We note that the
design value of M D 3:5 is reached at the nozzle centerline at about

Fig. 5 Convergence history for the Re = 10 ££ 106 /ft (3:3 ££ 107 /m) case
using CFL3D.

Fig. 6 Computed Mach number contours for Re = 10 ££ 106/ft
(3:3 ££ 107 /m) case.
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Fig. 7 Computed pressure contours for Re = 10 ££ 106 /ft (3:3 ££ 107 /m)
case.

Fig. 8 Computed streamline traces for the Re = 10 ££ 106 /ft (3:3 ££
107 /m) case and grid zonal boundaries.

21 in. from the throat, or 8.2 in. upstream of the nozzle exit plane.
Figure 7 shows the pressure contours in the nozzle, with a closeup
of the bleed slot region, which indicates the location of the stag-
nation point. Figure 8 shows streamline traces in the nozzle and
a closer look at the streamlines around the bleed slot. It is clear
that the stagnation point is on the lower part of the rounded lip and
that the � ow in the lower portion of the nozzle lip is somewhat
similar to the � ow on the lower surface of an airfoil at incidence,
which ensures an attached laminar � ow on the nozzle wall. Hence,
it is concluded that the � ow around the nozzle lip region is free
from any anomaly that might have affected the development of the
new laminar boundary layer in the nozzle. An examination of the
boundary-layer pro� les also revealed that the turbulent boundary
layer on the subsonic approach was fully swallowed by the suction
slot. We note that, although the results in Figs. 7 and 8 show that
the � ow on the inner side of the nozzle lip is attached, the possibil-
ity of a separation bubble on the suction-slot side cannot be ruled
out in view of the adverse pressure gradient region evident from
pressure contours of Fig. 7. However, we have not investigated this
possibility with a � ne-enough grid in zone 6 to make any de� nite
conclusion.

We note that the applicability of the thin-layer Navier–Stokes
solver may be open to questions in the rounded (circular) region
of the nozzle lip. However, we know that the � ow near the stag-
nation point (line) can be approximated by the Hiemenz � ow in
the incompressible case, where u D cx , that is, u x x D 0. Therefore,
the thin-layer approximation in the neighborhoodof the stagnation
line is not without justi� cation, provided the x direction is carefully
selected, that is, the x direction is tangent to the surface.

3. Boundary-Layer Computations
Before linear-stabilityanalysis is started, it is important to ensure

that the boundary-layer pro� les, obtained from the Navier–Stokes
computations,are physicallyrealizable.One way to ascertain this is
to performa gridconvergencestudy, that is, doublingand triplingthe
numberof grid pointsand observingthe change in solutionbehavior.
This is clearly a computationallyintensive task for a Navier–Stokes
code. Therefore, we adopt an alternative approach in this study.
We argue that because no signi� cant viscous/inviscid interaction
is expected for the circular nozzle � ow, the solution obtained by
solvingboundary-layerequations is the physicallyrelevant solution
in the vicinity of the nozzle wall. Then, if the Navier–Stokes solu-
tion near the wall agrees with the boundary-layer solution, we can
accept the former as an adequately resolved viscous solution for
the converging/diverging supersonic nozzle. This is the approach
adopted here.

We compare the Navier–Stokes pro� les in zones 7 and 9 with
boundary-layer solution obtained by the code developed by Harris
andBlanchard.15 For thispurpose,thesurfacepressurewas extracted
from the Navier–Stokes solution;a � ve-cycle, � ve-point smoothing
was applied to the pressuredistributionto eliminate any small point-
to-point “noise” in the pressure distribution.Then a boundary-layer
calculation was performed based on the smoothed pressure distri-
bution. Figure 9 shows this comparison for streamwise velocity,
wall-normal velocity, temperature, and density at the following lo-
cations: X D 0.013, 0.099, 0.31, 0.63, 0.97, 1.3, 1.63, 1.95, 2.28,
and 2.56 ft from the nozzle throat. Because there is negligible vis-
cous inviscid interaction in the present case, the two sets of pro� les
are almost identical as expected. Therefore, we conclude that the
boundary-layergrid used in the Navier–Stokes computation is ade-
quate.The agreementbetweenboundary-layersolutionand Navier–
Stokes solutionupstreamof the throat,althoughnot shown,was also
reasonablygood. We note that boundary-layerequationsare written
in similarity variables that reduce the equations to ordinary differ-
ential equations at the stagnation line. The latter were solved to
provide initial conditions for marching solutions of the parabolic
partial differential equations.

Throat heatinganalysiswould requireboundary-layerpro� les for
severalvaluesof unitReynoldsnumbers.Becausethe CFL3D calcu-
lation is not only computationallyintensivebut also requires adjust-
ment of grid for proper resolution of the boundary layers, we con-
sidered an alternative simpli� ed approach. To perform the current
investigation in an expeditious manner, the wall pressure variation
obtained from the Re1 D 10 £ 106/ft (3:3 £ 107/m) Navier–Stokes
solution was scaled up in proportion to the increase in tunnel total
pressure. For example, the Re1 D 18 £ 106/ft (5:9 £ 107/m) case
was obtained by scaling up wall pressure by a factor of 1.8 and then
performing an axisymmetric boundary-layer calculation by using

Fig. 9 Comparison of velocity, temperature, and density pro� les from
the CFL3D computation and an axisymmetric boundary-layer compu-
tation, which used smoothed wall pressure distribution extracted from
the CFL3D solution, at X = 0.013, 0.099, 0.31, 0.63, 0.97, 1.3, 1.63, 1.95,
2.28, and 2.56 ft from the nozzle throat.
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the boundary-layercode. Similarly, the Re1 D 25 £ 106/ft case was
obtainedby a scale upof 2.5.Only thepressureanddensityvarywith
change in total pressure; all other quantities including edge Mach
number and wall temperature are assumed to remain unchanged.

B. Mach 2.4 Pilot Nozzle
For the Mach 2.4 axisymmetric pilot nozzle, the mean � ow com-

putation was done by a two-dimensional/axisymmetric compress-
ible Navier–Stokes code HTC2D. In this case, the boundary-layer
solution needed for linear stability analysis was directly resolved
in the Navier–Stokes computation. In the HTC2D code, Navier–
Stokes (N–S) equations are discretized in a vertex-based control
volume fashion with (½, u, v, e)T as the independent variable vec-
tor. For the inviscid � uxes, a low-diffusion � ux-splitting scheme
is used, whereas the viscous � uxes are discretized using a second-
order accurate three-point stencil. To achieve fast convergence to
steady state, the full multigrid–full approximation storage scheme
is used. Detailed descriptions about a three-dimensionalversion of
the code, including accuracy, ef� ciency, and code validation have
been documented in Refs. 16 and 17 and will not be discussed here.

III. Linear Stability Analysis
It is well known that, in a RE nozzle, Görtler instability in the

wall boundary layer can lead to the transition from laminar to tur-
bulent � ow. The eN calculations18 based on a linear quasi-parallel
stability theory indicated that the transition onset location could be
well correlated with an N factor of about 9–11 for a range of unit
Reynoldsnumbers(3 £ 106/ft » 18£ 106/ft).Görtler instability,be-
ing a curvature-induced instability, is dif� cult to control with wall
suctionor cooling;the most effectiveway to controlGörtler instabil-
ity is to reduce the concave curvature by adopting a slow expansion
con� guration, that is, a longer nozzle. Beckwith et al.19 designed a
long slow expansion nozzle that could yield much longer quiet test
core. However, in a longer nozzle with a weakened favorable pres-
sure gradient, the T–S instability can become relevant. As will be
shown later, a new type of instability that is inviscid in nature could
also become relevant and cause premature breakdown of laminar
boundary layer when the nozzle throat is heated. Because of the
existence of these competing instabilities,an optimal nozzle design
can only be achieved when all of them are considered thoroughly.

In the present work, stability analysis and N -factor calculations
are performed by using the linear stability code eMalik2D, which
solves the spatial eigenvalue problem associated with the com-
pressible linear stability equations and is capable of handling both
T–S (viscous/inviscid)andGörtlerdisturbancesunderquasi-parallel
approximation. In the quasi-parallel approximation, the effect of
boundary-layer growth is assumed to be a higher-order effect and,
hence,neglected.Detailsof the compressiblestabilityequationsand
the numerical method used in this stability code have been given in
Ref. 20. Before we present the major results of this paper, we must
caution against the use of stability theory for transitionpredictionin

Fig. 10 Comparison of N factor (parallel vs nonparallel) for Görtler
instability with 0.5-mm wavelength, M = 3.5, two-dimensional nozzle.

� ow with suf� ciently large roughness where the stage governed by
linear theory may be completely bypassed. Furthermore, the use of
parallel approximation introduces an unknown error in the results,
and this approximation can only be justi� ed by comparing against
computational results where nonparallel effects are not ignored.

To assess the effect of nonparallelism,we have performed a cal-
culation for the two-dimensional Mach 3.5 nozzle considered in
Ref. 18. Figure 10 is a comparison of Görtler N factors com-
putedusing quasi-paralleltheory (eMalik2d)and nonparalleltheory
[linear parabolized stability equations (PSE)] for the most ampli-
� ed Görtler wavelength of 0.5 mm for the selected � ow conditions,
Re1=m D 20 £ 106 (Re1=ft D 6:1 £ 107). The Görtler N factor (us-
ing PSE) at the transition location of X D 0:32 is 9.2. This number
can be comparedwith N D 9:6, which was obtainedby Chen et al.18

When it is considered that Chen et al. used quasi-parallel theory
in conjunction with boundary-layer solution, whereas the present
PSE calculationaccounts for nonparallel effect and uses N–S mean
� ow, the agreement between the present computation and that of
Chen et al. is quite good. The results presented in Fig. 10 show
that the nonparallel effect is small, which is a consequence of rel-
atively large values of Görtler number associated with this nozzle
wall boundary layer. Note that, for Görtler vortices, the nonparallel
effect is stabilizing. This conclusionwas also reached by Spall and
Malik.21 We should caution here that the relatively small effect of
nonparallelismnoted is speci� c to the conditionsof the cited super-
sonic nozzles. This should not be taken as a general conclusion for
the effect of mean � ow variation on the Görtler instability or other
boundary-layer instabilities.

IV. Effect of Throat Heating
A. Mach 3.5 Advanced Nozzle

As noted earlier, our N–S calculations indicate that the turbulent
boundary layer in the subsonicapproach to the nozzle is completely
removedby the suctionslotupstreamof the throat,anda newlaminar
boundarylayerbeginsto developdownstreamof the slotwithoutany
anomalousbehavior.Therefore, to explain the loss of quiet test zone
(Fig. 1) with increase in unit Reynolds number beyond 3:5 £ 107/m
(»11 £ 106/ft), attentionis focusedon roughness-inducedtransition
near the nozzle throat.

For the throat heating for controlling roughness-induced transi-
tion, calculations were done with different levels of heat transfer to
determine the acceptable limit. The cases studied and the conditions
considered are summarized in Table 1.

As mentioned earlier, throat heating can destabilize the wall
boundary layer. The effect of heat transfer on the instabilityof com-
pressible boundary layers has been studied by many researchers.
Using inviscid and viscous theories, Mack22;23 found that, whereas
surface cooling stabilizes � rst-mode waves, it destabilizes second-
mode instability. For moderate Mach numbers, cooling can be ap-
plied to remove the generalized in� ection point, which is de� ned
as the point inside the boundary layer where D.½Du/ D 0 and is the
source of the � rst-mode instability. For the nozzles studied in this
paper (Mach 3.5 and Mach 2.4), the � rst mode and the Görtler insta-
bilities are the relevantperturbations.In contrast to surface cooling,
it canbe expectedthatuniformheatingwill destabilizethe � rst-mode
disturbance in nozzle wall boundary layer, although the favorable
pressure gradient present in the throat region has a stabilizing in-
� uence. We note that experiments of Demetriades13 showed that
transition was delayed in his nozzle with throat heating, although
the source of instability causing transition remained obscured.

The stability behavior of a boundary layer can be deduced by
studying the effect of heat transfer on the mean � ow characteris-
tics. An important feature of the compressible boundary layer on a

Table 1 Throat heating conditions considered for the advanced
Mach 3.5 axisymmetric quiet nozzle

Twall=Tad

Re1=ft £ 10¡6 Heated domain, ft 1 1.3 1.7 1.9 2.2

10 x < 0.10 £ £
18 x < 0.15 £ £ £
25 x < 0.20 £ £ £ £
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a) x = 0.322 ft

b) x = 2.348 ft

Fig. 11 Comparison of streamwise velocity u, density ½, and D(½Du), that is, d/dy[½(du/dy)], distributions in the wall normal direction for
Re1 = 25 ££ 106 /ft: ——, adiabatic wall; , Tw = 2.2Tad for x < 0.2 ft; and ££, generalized in� ection points.

� at plate is the existence of a generalized in� ection point, that is,
d=dy[½.du=dy/] D 0, where ½ is the local density, u the boundary-
layervelocity,and y the wall-normalcoordinate inside the boundary
layer, which makes the boundary layer unstable to inviscid distur-
bances.Wall cooling tends to eliminate this in� ection point making
the boundary layer less susceptible to inviscid disturbances. Con-
trarily, suf� cient surface heating pushes the generalized in� ection
toward the edge of boundary layer and enhances inviscid instabil-
ity. For the adiabatic wall case, boundary-layerpro� les in the throat
regionare free fromgeneralizedin� ectionpointsdue to strongfavor-
able pressure gradients.Therefore, this boundary layer is free from
inviscid � rst-mode type disturbances.However, the combinedeffect
of � ow acceleration (negative pressure gradients) and wall heating
results in an overshoot in the streamwise velocity pro� le as earlier
found by Cohen and Reshotko.24 This is because the low-density
gas near the wall is accelerated more strongly by the external pres-
sure gradients in the case of wall heating. The velocity overshoot
gives rise to an in� ection point making the boundary layer suscep-
tible to inviscid disturbances.Figures 11a and 11b show the veloc-
ity and density pro� les as well as the quantity d=dy[½.du=dy/] at
x D 0:322 and 2.348 ft (where x D 0 coincideswith the throat),when
Re1 D 25 £ 106/ft and a wall temperature Tw D 2:2Tad is appliedup
to x < 0:2 ft. Except for the heated region, the wall temperature is
assumed to remain at its previous adiabatic wall temperature. (This
implies wall cooling.)

Boundary-layerpro� les (velocity u and density ½) and the quan-
tity d=dy[½.du=dy/] at location x D 0:322 are presented in Fig. 11a.
For the sake of discussion,we designated=dy[½.du=dy/] as 3 here.
For a compressible � at-plate boundary layer with an adiabatic wall
boundary condition,3 has one zero; for a moderately cold wall, 3

has two zeros inside the boundary layer, and it is the outer of these
two that gives rise to the inviscid � rst-mode instability that is more
ampli� ed for oblique waves. For very cold walls, 3 has no zeros
within the boundary layer, and therefore, the boundary layer is free
of � rst-mode disturbances. For the present adiabatic wall case, 3
does not assume the value 0 inside the boundary layer, which is a
consequence of the strong favorable pressure gradient, and hence,
this boundary layer is free from inviscid instabilities. In Fig. 11b,
results are presented at x D 2:348. Because at this location pressure
gradient is relatively weak, 3 has two zeros inside the boundary
layer. Therefore, the possibility of � rst-mode disturbances exists at
this location for the adiabatic wall case.

Now, let us discuss the results in the presenceof throatheating. In
Fig. 11a, we note that the velocitypro� le has a slight overshootnear
the edge of the boundary layer that results in a zero crossing for 3 at
y ¼ 0:00175 ft. This zero crossing (or generalized in� ection point)
is also present at x D 2:348 (Fig. 11b). We shall see that associated
with this in� ection pointwill be an inviscid instability.We note here
that, close to the wall, the 3 curve has been pushed away from the
zero line for the case with throat heating. In Fig. 11b, it can be seen
that the two in� ection points (3 D 0) near the wall present in the
adiabatic wall case are no longer present for the case with throat
heating.The eliminationof the two in� ection points near the wall is
a consequenceof the implicit wall cooling that follows the heating
strip.This wall cooling downstreamof a heating element was found
to stabilizeT–S waves by Dovgal et al.12 in the contextof low-speed
� ow over a � at plate.

Three observations can be made from the described mean � ow
pro� les: 1) Because the new in� ectionpoint lies near the edge of the
boundary layer,we expect the phase speed of the inviscid instability
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Fig. 12 Distribution of Reynolds number Rek for various � xed roughness heights, k = 2.5, 2.0, and 1.5 ¹m, using Re1 = 10 ££ 106/ft (3:3 ££ 107 /m) for
adiabatic wall and throat heating case (Tw = 1.3Tad ).

to be close to 1.0 when scaled with the freestreamvelocity.2) If the
boundary-layer thickness is assumed to be a good approximation
of the length scale for the inviscid instability, then in this case the
inviscid instability due to throat heating will have a very high fre-
quency,on the orderof 1000kHz (or 1 MHz). 3) Becausethe relative
speed between the disturbance and the mean � ow near the edge of
boundary layer is low subsonic (jUe ¡ cr j=a ¿ 1), we expect the in-
viscid instability to be dominated by two-dimensionaldisturbances
unlike the � rst-mode disturbances,which are most ampli� ed when
oblique. As will be shown later, results of the stability analyses are
all in agreement with these conjectures.

Figure 12 shows the Reynolds number Rek values for an adia-
batic wall and for a heated wall with Tw D 1:3Tad in the range of
¡0:12 < X < 0:1 ft when Re1 D 10 £ 106/ft (3:3 £ 107/m). Also
shown in Fig. 12 is wall temperature distribution. The heating
corresponds to a temperature rise of approximately 125±R. The
streamwise extent of heating strip must cover a region in which
the Reynolds number Rek curve has a peak. For the adiabatic wall
(Tw D Tad) case, it is noticed that the peak Reynolds number Rek

occurs in a region slightly upstream of the throat. With a roughness
height of k D 2:0 ¹m, the peak Reynolds number Rek is slightly less
than the critical value of 12. For the heated case (Tw D 1:3Tad), the
peak Reynolds number Rek of the pilot nozzle, which has a rough-
ness height of k D 2:5 ¹m, reduces from 18 to 10. We note that for
this relatively low level of heatingno inviscid instability is found for
this case. All stability results presented in this paper utilize viscous,
compressible linear stability theory.

In Figs. 13 and 14, we show the stability results corresponding
to wall heating Tw D 1:9 and 1:7Tad , respectively, in the region of
¡0:12 < X < 0:15 ft for Re1 D 18 £ 106/ft (5:9 £ 107/m). (We note
that, based on the data in Fig. 1, the advancednozzlehad already lost
the quiet test core beforearrivingat this freestreamcondition.)Com-
paring Figs. 13 and 14, we note that the throat heatinghas a negligi-
ble effect on the Görtler instability,which does not become unstable
until farther downstreamfrom the heated throat region. In these two
cases, it is clear that heating has introduceda new two-dimensional
(or, in the presentcase, an axisymmetric)instability,which is caused
by the in� ectional nature of the mean � ow pro� le, and the most un-
stable disturbance has a frequency around 1000 kHz. Although not
shown here, the nondimensionalphase speed of this unstable mode
is slightly greater than 1 because the in� ection point occurs at a lo-
cation where velocity is higher than the outer � ow velocity. It may

Fig. 13 Computed N values for Görtler vortices and heating-induced
inviscid instability for Re1 = 18 ££ 106 /ft (5:9 ££ 107 /m) and Tw = 1.9Tad
for x < 0.15 ft.

Fig. 14 Computed N values for Görtler vortices and heating induced
inviscid instability for Re1 = 18 ££ 106 /ft (5:9 ££ 107 /m) and Tw = 1.7Tad
for x < 0.15 ft.
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be argued that the oncoming stream would be devoid of very-high-
frequency [O(1 MHz)] disturbances and, therefore, that the bound-
ary layer will have no “input disturbances” to amplify. If that were
to be the case, the inviscid instabilityfoundhere will not necessarily
lead to laminar–turbulent transition. Note, however, that available
wind-tunnel instrumentationis not capableof measuring such high-
frequency disturbanceswith any reasonable signal-to-noiseratio.

The maximum allowablewall temperature is limited by the asso-
ciated N factorscomputedfor the inviscidinstability.The maximum
N factor for the Tw D 1:9Tad case (Fig. 13) reachesa valueof about9
at a locationwhere the correspondingGörtler N factor is only about
4. If the high-frequencydisturbancewere to be present in the bound-
ary layer, it is likely that they will cause transitionwell aheadof tran-
sitiononset location inducedby Görtler instabilityalone.Therefore,
it is advisable to limit the growth of the high-frequencyinstabilityto
a conservativevalue of N factor, for example, 6. With this criterion,
Tw D 1:9Tad is unacceptablyhigh temperature,whereas Tw D 1:7Tad

is acceptable. Because Tw D 1:7Tad case yields a N value of 4, per-
haps a slightly higher value of Tw will also be acceptable if N D 6
is taken as the critical value.

Figure 15 shows the distributions of Reynolds number Rek

for various given roughness heights, for an adiabatic wall and
for a wall with a heating strip having Tw D 1:7Tad in the range
of ¡0:12 < X < 0:15 ft when Re1 D 18 £ 106/ft (5:9 £ 107/m). It
shows that the heating corresponds to a temperature rise of approx-
imately 350±R. Moreover, with this level of heating the accept-
able roughness height increases from slightly below k D 1:5 ¹m
to slightly above 2 ¹m. The 2.5-¹m roughness still violates the
Rek D 12 criterion. Interpolation of results yield critical k to be
2.2 ¹m.

Figures 16 and 17 present results of the analyses for the highest
design conditionof the advancednozzle, that is, Re1 D 25 £ 106/ft.
The level of heating in the range of ¡0:12 < X < 0:20 ft is set at
Tw D 1:7Tad , which yields inviscid disturbance N factors of about 6
(Fig. 16). If this is accepted to be below the critical value, then the
maximum allowable roughness increases from about k D 0:75 ¹m
(for the adiabatic case) to k about 1.7 ¹m, based on interpolationof
the results in Fig. 17. Throat heating with Tw D 1:9Tad gave a value
of N factor (associatedwith invisciddisturbances)of 10 at a location
where the boundary layer is as yet stable to Görtler instability.

Finally, in Table 2 we summarize the results to highlight the ac-
ceptableroughnessheightsand the levelof throatheatingforall three
cases, Re1=ft £ 10¡6 D 10, 18, and 25, considered in this section.

Fig. 15 Distribution of Reynolds number Rek for various � xed roughness heights, k = 2.5, 2.0, and 1.5 ¹m, using Re1 = 18 ££ 106/ft (5:9 ££ 107 /m) for
adiabatic wall and throat heating case (Tw = 1.7Tad ).

We note that the preceding computations with the heating strip
involve a step change in wall temperature. Such a wall temperature
distribution can only be maintained if appropriate wall cooling is
provided downstream of the heating strip. In the absence of such
cooling, axial conduction through the nozzle wall and convection
heat transfer will make the nozzle wall temperature decrease grad-
ually downstream of the heating strip. There should not be an ap-
preciable effect of this smooth variation of wall temperature on the
Görtler instability and the new high-frequency disturbance. How-
ever, the � rst-mode T–S disturbancesmay become unstable but not
any more than that in the absence of throat heating strip, that is,
adiabatic wall temperature all along the nozzle wall.

Table 2 Summary of critical roughness heights and throat heating
levels used for the Mach 3.5 axisymmetric nozzle

Throat heatingAdiabatic condition
Re1=ft £ 10¡6 acceptable k, ¹m Level of heating Acceptable k, ¹m

10 k < 2:0 No need for heating
18 k < 1:5 1:7Tad k < 2:2
25 k < 0:75 1:7Tad k < 1:7

Fig. 16 Computed N values for Görtler vortices and heating induced
inviscid instability for Re1 = 25 ££ 106 /ft and Tw = 1.7Tad for x < 0.20 ft.
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Fig. 17 Distribution of Reynolds number Rek for various � xed roughness heights, k = 2.5, 2.0, and 1.5 ¹m, using Re1 = 25 ££ 106 /ft, for adiabatic
wall and throat heating case (Tw = 1.7Tad ).

Fig. 18 Mach number contours in the Mach 2.4 axisymmetric pilot nozzle for T0 = 540±R, P0 = 200 psia, and Tw = Tad .

B. Mach 2.4 Pilot Nozzle
This nozzle was designed at NASA Langley Research Center to

deliver a quiet test-core-lengthReynolds number Re1x D 80 £ 106,
which represents nearly an order of magnitude increase compared
to the existing capability. The nozzle we consider in this section is
a Mach 2.4 axisymmetric pilot nozzle for the Supersonic Low Dis-
turbance Pilot Tunnel. This pilot nozzle was an attempt at NASA
Langley Research Center to demonstrate the feasibility of an ultra-
high Reynolds number quiet � ow facility. It was anticipatedthat the
technology developed during the design of this pilot nozzle would
enable future development of a very large, Mach 2.4 national facil-
ity with quiet length Reynolds number capability of 80 £ 106. To
achieve such high performance, the nozzle must be relatively long.
In other words, the nozzle must expand very slowly to limit the
growth of Görtler instability. The design also employs an axisym-
metric cross section to avoid corner and side wall inducedproblems
and throatheating to increaseroughnesstolerance.Details about the
design of this nozzle may be found in Refs. 25 and 26. We note that
neither was this nozzle built nor do there exist any current plans to
do so.

Figure 18 shows the Mach 2.4 pilot nozzle as well as the associ-
ated Mach number contours. As already mentioned, the mean � ow
computation was done by a two-dimensional/axisymmetric com-
pressible N–S code HTC2D. The conditions considered here are
of a stagnation temperature of T0 D 80±R, a stagnation pressure of
P0 D 200 psia, and an adiabaticwall condition(Tw D Tad). InFig. 19,
we see that the N value of Görtler instability reaches about 9 at the
nozzle exit, and the N value of T–S, that is, � rst-mode, waves only
reach a modest value of 4.6. Therefore, as indicated in Ref. 25, at
P0 D 200 psia the whole uniform � ow test rhombus is expected to
be the quiet test core, and as a consequence, the quiet test-core-

Fig. 19 Computed N values for Görtler vortices with various az-
imuthal wave numbers n and T–S, that is, � rst-mode, disturbances in
the Mach 2.4 nozzle wall boundary layer for T0 = 540±R, P0 = 200 psia,
and Tw = Tad .

length Reynolds number Re1x will be expected to reach a value of
80 £ 106.

For a given unit Reynolds number, in general the surface � nish
requirements may be relaxed by a factor proportional to the nozzle
size. This principleworks advantageouslytoward the Mach 2.4 pilot
nozzle, which is relatively large in its size. On the other hand, the
increase in unit Reynolds number makes the boundary layer thinner
and in turn tightens the surface � nish requirement.To determine the
surface � nish speci� cations for this nozzle wall, we compute the
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Fig. 20 Distribution of Reynolds number Rek for various � xed rough-
ness heights, k = 2.0, 1.5, 1.3, and 1.0 ¹m, in Mach 2.4 nozzle for
T0 = 540±R, P0 = 200 psia, and Tw = Tad (Re¢x = 80 ££ 106).

Fig. 21 Computed N values for Görtler vortices and T–S, that is, � rst-
mode, disturbances for T0 = 540±R, P0 = 200 psia, and Tw = 1.5Tad for
x < 5 in. (Re¢x = 80 ££ 106); no inviscid instability.

distribution of roughness Reynolds number Rek for various � xed
roughnessheights, that is, k D 2:0, 1.5, 1.3, and 1.0 ¹m, and present
results in Fig. 20. With Rek D 12 used as the criterion of allowable
surface roughness, results indicate that for an adiabaticwall the sur-
face � nish in the critical throat region should meet the requirement
of k < 1:3 ¹m. When it is considered that the throat diameter of
this nozzle is relatively large, hand polishing can be performed in
the throat region. Therefore, it is believed that this roughnessheight
requirement is likely within current manufacturing capability, and
as a consequence, throat heating may not be required. However, if
heating turns out to be an option, some level of mild heating may
suf� ce.

Because of the large size of this Mach 2.4 nozzle, the limita-
tion imposed by the mass � ow requirement may prevent this nozzle
from reaching an adiabatic condition. If that happens, the nozzle
will be operating in a situation similar to wall cooling resulting in
tighter surface � nish requirement. Therefore, we consider heating
of Tw D 1:5Tad in the region of x < 5:0 in. This level of heating
raises the wall temperature in the throat region by about 250±R.
Figures 21 and 22 show results of stability analyses and Reynolds
numberRek calculations.In this case,no inviscidinstabilitywas trig-
gered.It was foundthatit takesa higherlevelofheating,for example,
Tw D 2:2Tad , to bring out the inviscid instability in this nozzle. With
Tw D 1:5Tad , the critical roughness height could be relaxed from
k < 1:3 to 2:0 ¹m. Previous experience with the advanced Mach
3.5 quiet nozzle indicates that a surface � nish of k < 2:0 ¹m is
within the available manufacturing capability. Hence, with modern
manufacturing capability heating at the level of Tw D 1:5Tad should
suf� ce, without triggering the inviscid instability. To summarize,
for the Mach 2.4 axisymmetric pilot nozzle, when Re D 80 £ 106,
for adiabatic conditions,k < 1:3 ¹m and for Tw D 1:5Tad , x < 5 in.,
k < 2:0 ¹m.

Fig. 22 Distribution of Reynolds number Rek for various � xed rough-
ness heights, k = 2.5, 2.0, and 1.5 ¹m, for T0 = 540±R, P0 = 200 psia, and
Tw = 1.5Tad for x < 5 in. (Re¢x = 80 ££ 106).

We add a cautionary note. The slow expansion nozzle design
concept of Ref. 1 considered only the eigenmodes of the boundary
layerandsurfacequalityin the throatregion.Small surfaceirregular-
ities of the nozzle lip could introduce streamwise disturbances that
could be ampli� ed downstream in the straight radial � ow region
of the nozzle. Interaction of freestream vorticity with the nozzle
lip could also be a source of streamwise disturbances. At suf� -
ciently high Reynolds numbers, the induced streamwise vortices
could breakdown due to secondary instabilities.All such transition
scenarios should be carefully evaluated before constructing a quiet
high-Reynolds-numbernational facility.

V. Conclusions
It is found that heating in the throat region in combination with

improvements in the surface � nish show strong promise in increas-
ing the range of Reynolds number for quiet operation. The present
results show that the maximum allowable roughness height for an
adiabatic advanced Mach 3.5 axisymmetric quiet nozzle is about
k < 0:75 ¹m when the nozzle is operating at its highest design con-
dition.Becauseof the boundary-layerthickeningeffect of wall heat-
ing, throat heating can be used to relax the surface quality require-
ments. With a heating level of Tw D 1:7Tad , the critical roughness
height increases to about k < 1:7 ¹m. In addition, it is found that
throat heating has a negligible effect on the Görtler instability. For
the Mach 2.4 axisymmetric pilot nozzle, the maximum roughness
height can not exceed 1:3 ¹m for the adiabatic wall condition. Al-
though heating might not be needed, heating of Tw D 1:5Tad can
raise the allowable roughness height to k < 2:0 ¹m without associ-
ated penalty of triggering inviscid instability.

One effect of throat heating, in combination with the favorable
pressure gradient, is to bring out an overshoot in the streamwise
velocity pro� le. Associated with this overshoot is a generalized in-
� ection point near the edge of the boundary layer, which gives rise
to a two-dimensional high-frequencyinviscid instability. N factors
associatedwith this instability determine the allowablewall heating
for transition control.

Note that, in a given design, one must consider favorable (on
critical roughnessheight) as well as adverse (on boundary-layerin-
stability)effects of throat heating.Furthermore, practical aspects of
applying heating in the throat area, such as issues regarding actual
implementation and the possible effect of induced thermal stresses
on surface waviness, must be addressedbefore the bene� cial effect
of throat heating on enhancing quiet performance can be realized.
In addition, all other possible transition promoters (e.g., stream-
wise disturbances originating at small surface irregularities of the
nozzle lip or due to the interaction of freestream vorticity with the
nozzle lip) must be consideredbefore the constructionof any high-
Reynolds-numberquiet facility.
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